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1. Linearity

A system is Linear

A

if and only if

homogeneity

Homogeneity

additivity

it satisfies the principle of

=

Superposition

X (t) — Linear |, y(t) mmp X(t) =C X (t) — Linear |, y(t)=C,y,(t)
System System

Additivity

X, ) — L — Yi(t) _ ' _

o) —_system | — y, 0= XO=X OO~ Loy () =y, (0) +y, (1)

Superposition

X(t) = C, X (t) + C,X, (t) —

Linear
System

— Y1) =Cy (1) + Cyy, (1)




- Time Invariance

xl(t) _,| Continuos
time system

—>y1(t) ) X(t)le(t—to)—»

Continuos
time system

— YD) =Y, (t-1)

- Linear Time Invariance (LTI)

When a system if both linear and time invariant,
it is called a linear time invariant (LTI) system

- Causality

its current output depends on past and current inputs

- Stability

but not on future input.

if the system input is bounded,
and if the system output is also bounded, it is called that

the system is stable (BIBO)



HomeWork #1)

f (t) = 4t

fz(t) =e"

f.(t) =Int
f,(t)=4t+1

f.(t) =2t

f (t)=2t>+1
f.(t) =sin(2xt +1)
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AbO| by A
(Ordinary Differential Equation)

BO| 2 A

(Partial Differential Equation)

MOl 2 A
(Total Differential Equation)

dy
— = f(x
i (X)

F(X’ Y, y,’ y”,"',C)_O

F(X1JX21”'18—J—1'

F(x,y,c)=0



Al0| 28 Al Fix.v.vV.vV'.---¢c)=0
(8rdinary%if?et::ntial Equation) \h I e '/
S&HA0t 0 Sot4-0f TS0 BF 1At | e M 0|4
d d?
cosx—y+x2y=0, ¥+x2y:0
dx dx
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dy dy d’y (dyY’
H|M& 0|t | sy Y — =X, —+C0SY =0, + =1
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d" d"? d
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f(x)=0 HM*tOI2EEY

(Homogeneous DE)




d(y)dy = f(x)dx
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J%dy :J—dx — Injy|=-x+c

y=e X =% - y=Ke* (K=¢% i y(0)=5
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4. Homogeneous Linear Equations

LESTE: R
(Auxiliary Equation)

n n-1
d 2/ T, d—n—i/
dx dx

2, (x)

ay"+by'+cy=0

+ .-

l

e™(am’ +bm+c) =0

am?+bm+c=0

1

d
-+a1(x>d—§+ao<x)y=o

2a

. —b++/b?—4ac

2a




ay”+by'+cy=0

b?—dac>0 ——> y=Ce™ +Ce™

m; X

b?—4ac=0 —— y=Ce™ +C,xe™"

b*—4ac<0 — y = Cle(aﬂ'ﬁ)x + CZe(a—jﬂ)x
[eje =C0S @ + jsin 9]
y =C,e” cos px+ C,e“ sin px



Example)

2y"-5y"' -3y =0
—2m*-5m-3=0— (2m+1)(m-23)

1
-=X
—>y=Ce 2 +C,e*

y"—=10y"'+25y =0
—>m’-10m+25=0— (m-5)°

— y=C.e>™ +C,xe™

y'+4y'+7y=0
Sm?+4m+7=0>m =—2++/3j, m, =-2-+/3]
— y:e‘zx(C1 c0s+/3x+C, sin \/§x)



Example)

Solve y" + 3y” — 4y = 0.

SOLUTION It should be apparent from inspection of m’ + 3m?* — 4 = 0 that one
root is m; = 1 and so m — 1 is a factor of m® + 3m* — 4. By division we find

m +3m*—4=(m-1)(m*> +4m+4) = (m— 1)(m + 2)%,

and so the other roots are m, = m; = —2. Thus the general solution is

y =€+ ce ¥ + cyxe 3




Example)

d4y dzy
2 =il
dx* dx’ ¢
SOLUTION The auxiliary equation m* + 2m* + 1 = (m* + 1)*> = 0 has roots
m, = mz =i and m, = m4 = —i. Thus from Case II the solution is

Solve

y = Cie™* + Cre ™ + Cyxe™ + Cyxe ™™,

By Euler’s formula the grouping C,e™ + C,e™ can be rewritten as ¢, cos x + ¢, sin x
after a relabeling of constants. Similarly, x(Cse™ + C,e™) can be expressed as
x(c3 cos x + ¢4 sin x). Hence the general solution is

Y =¢; COS X + C; Sin X + C3x COS X + C4X Sin x. J



HomeWork #2)

4y"+y'=0
y"—36y=0
y'—y'=6y=0
y"—10y"+25y =0
12y"+8y'+16y =0
y'+4y' -y =0



5. Non-Homogeneous Linear Equations

n n-1

y y dy
a_(x +a, ,———+-+a(X)—+a,(X)y = (X
)t By b () a0y = F(x)
ol
1. HxS= =} Yo
2. s48)2 stect Vo




Example 1 General Solution Using Undetermined Coefficients
Solve y” + 4y" — 2y = 2x* —= 3x + 6. (2)
SOLUTION Step 1. We first solve the associated homogeneous equation

y” +4y" — 2y = 0] From the quadratic formula we find that the roots of the auxil-

iary equation m* + 4m —2 =0 are m, = -2 — \/6 and ma = -2+ \/6. Hence the
complementary function is

-2 + Vo) + et +\/6)x.

yc =€
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v’ + 4y — 2y o 2x* — 3x + 6.

Step 2. Now, since the function g(x) is a quadratic polynomial, let us assume a
particular solution that is also in the form of/a quadratic polynomial:

y,=Ax*+ Bx + C.

We seek to determine specific coefficients A, B, and C for which y, is a solution
of (2). Substituting y, and the derivativey y, = 2Ax + B and y} = 2A[into the given
differential equation (2), we get

vy +4y,—2y,=2A+8Ax +4B - 2Ax" - 2Bx - 2C

=2x°> - 3x + 6.
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_ y, +4y,—2y,=2A + 8Ax + 4B — 2Ax* - 2Bx - 2C o ,
Since the , coefficients of like
powers of | =2 -3x+6. o

equal
]
Y Y Y
—2a| x* +|(84 -2B|x+|2A +4B -2C|=2x%2-3x + 6.
That 1s,

—2A =2, 8A — 2B = -3, 2A+4B -2C=6.

Solving this system of equations leads to the values A = —1, B = =%, and C = -9.
Thus a particular solution is

5

yp:——x2—7x~9.

Step 3. The general solution of the given equation is
~2+ Ve

y:yc‘+y;J:Cl€

5
+cze("2+\/g)x—x2—§x—9. 3




Example 2 Particular Solution Using Undetermined Coefficients
Find a particular solution of|y” — y" + y = 2 sin 3x.

SOLUTION A natural first guess for a particular solution would be A sin 3x. But
since successive differentiations of sin 3x produce sin 3x and cos 3x, we are
prompted instead to assume a particular solution that includes both of these terms:

Y, =A cos 3x + B sin 3x.

Differentiating y, and substituting the results into the differential equation gives,
after regrouping,

Yo —¥p+¥,=(—8A —3B) cos 3x + (3A — 8B) sin 3x = 2 sin 3x

vy

—8A — 3B| cos 3x + |3A — 8B |sin 3x =0 cos 3x + 2 sin 3x.

or equal

From the resulting system of equations,
—8A —3B =0, 3A-8B=2,
we get A = %3 and B = —'%s. A particular solution of the equation is

1
ypzicos 3x——6—sin £5' J
73 73




Example 3 Forming y, by Superposition
Solve v’ — 2y’ — 3y =@ +6xe> (3)

SOLUTION Step 1. First, the solution of the associated homogeneous equa-
tion y” — 2y" — 3y = 0 is found to bg y, = c1e™ + c,e>.

Step 2. Next, the presence of 4x — 3 in g(x) suggests that the particular solution
includes a linear polynomial. ore, since the derivative of the product xe**
produces 2xe™ and e*, we also\assume that the particular solution includes both
xe* and e*. In other words, g is\the sum of two basic kinds of functions:

g(x) = g1(x) + g.(x) = polynomial + exponentials.

Correspondingly, the superposition, principle for nonhomogeneous equations
(Theorem 3.7) suggests that we seek a particular solution

Yp=Yp, T Vp,
where y, = Ax + B and y, = Cxe™ + Ee**. Substituting

y, = Ax + B + Cxe* + Ee™




y, =Ax + B + Cxe™ + Ee*

into the given equation (3) and grouping like terms gives

¥ — 2y, — 3y, = —3Ax — 2A — 3B — 3Cxe® + (2C = 3E)e™ = 4x — 5 + 6xe”.  (4)

From this identity we obtain the four equations
-3A=4, -2A-3B=-5, -3C=6, 2C-3E=0.

The last equation in this system results from the interpretation that the coefficient
of ¢* in the right member of (4) is zero. Solving, we find A = —%, B =%, C = -2,
and E = —%. Consequently,

)
Y, =——Xx+ e 2xe** — ie e
6. 9 5.




