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ay" +by'+cy=0.
ame™ +bme™ +ce™ =0, ™ (am +bm+c)=0

am - +bm+c=0.

—b+~b" —4ac

m.,= 2a




Case I: Distict Roots (D =5b"—4ac > 0)

n=e", y,=€" s y=ge™ +ce™"

Case Il: Repeated Real Roots (D =Db"—4ac=0)

2mx

e 1

V=€ | —=——dx=e""| dx=xe"™" 5 y=ce™ +c,xe™.
E;’H-l.:f - 1 -

Case lll: Conjugate Complex Roots (D= b® —4ac < 0)

y= C-IE(:HE.E}:L' + Czeﬁﬁr—r'.&}x_




se Euler's firmula
e’ = cosd+ismné,

™ =cos Bx+isin fx and e ™ =cos Bx—isin fx,

€™ +e™ =2cosfx and € —e =2ism fx.
y, = T 4 gl — g (&Y 4 g7y = 2% cos Bx (C, =1, C, =1)
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Sy =ge" cos fx+6e" s By =e™ (g cos P+ sin fFx).




Example 1 Second-Order DEs
(@) 2y" =5y =3y=0 (b)y" =10y +25y=0 (c)y"+4y"+Ty=0
Solution
(@) 2m* —Sym—-3=(2m+D)(m—-3). m=-Y%. m,=3.
y=ce " +c,e”.
(bym* —10m+25=(m—-5). m =m,=5.

q _
y=ce +c,xe’.

{J::}m1 +4m+7=0, m, =—2+xE.f. m, =—2—\Er'.

. a=-2. =3 > v=e"(q casﬁx+c:5ﬂ1~"'§x).




Example 2 An Initial-Value Problem

4y"+4y" +17y=0. y(0)=-1. ¥ (0)=2.

Solution

am’ +4m+17 = 0. mo=—(1/2)+2i. m,=—(1/2)-2i.

a=—(1/2). f=2

v=e"?(c cos2x+c, sin 2x)
y(0)=-1

e’(c,cos0+c,sin0)=-1 3 ¢ =-1 .

y'(0)=2

2¢,+(1/2)=2 3 ¢, =3/4
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Ml Two Equations Worth Knowing
V' +kEy=0
m'+k*=0 > m,=0xik 3 a=0, f=k
Vv =c¢, coskx+c,sinkx.
¥ —k'y=0
m'—k*=0 > m,=z*k
yv=ce” +ce ™.

e~ 1o ™

¢,=1/2.¢,=1/2 3 yy=—"=coshkx

[ ]

6 =1/2. ¢,=-1/2 3 yy=———=sinhkx

v = ¢, cosh kx + ¢, sinh k.
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M Higher-Order Equations

(m-1) " r _
+---+a,y +ay +a,y=0,

()
ﬂﬂy +|‘.'IH_1_}’
" n—1 2
ﬂﬂm +|‘.'In_1m +"'+ﬂ1m +ﬂ1m+ﬂu—ﬂ.

_ whx ML X L m. X
y=cer +c,e +---+ce .

k —roots

Piik Wink



Example 3 Third-Order DE

y'+3y" —4y=0.

Solution

m +3m" —4d=m-)(m +4dm+4)=(m-1)(m+2)" =0
m=1m=-2 (roots)

X —1x —Mx
_].?=f1€ +fj€ +|'_-'3.1€ .




Example 4 Fourth-Order DE

4 \ 1!
I:‘!—Jﬁtﬂuzd Y ry=o.
dax dx-

Solution
m'+2m 1= (ml +1}1 =0 = m=1 (roots)) m=—1 (roots)

Y= ClEh + Ezg_ﬁ + CS.IE"H + C4I€_H.

V=€ C05X+C, SINX+C,XCOSX +C X SN X,




